We generalize Mukai and Shafarevich's definition of isogenies between K3 surfaces over C to an arbitrary perfect field and describe how to construct isogenous K3 surfaces overF p by prescribing linear algebraic data when p is large. The main step is to show that isogenies between Kuga-Satake abelian varieties induce isogenies between K3 surfaces, in the context of integral models of Shimura varieties. As a byproduct, we show that every K3 surface of finite height admits a CM lifting under a mild assumption on p.
Introduction
Efforts to define the notion of isogeny between K3 surfaces have a long history. We refer the reader to [30] for a summary. Shafarevich defined an isogeny between two complex algebraic K3 surfaces X, X ′ to be a Hodge isometry H 2 (X ′ , Q) ∼ → H 2 (X, Q) (c.f. [38] ). Mukai reserved the term for those Hodge isometries that are induced by correspondences (i.e. algebraic cycles on X × X ′ ) (c.f. [31] ). By a recent result of Buskin [8] , these two definitions coincide. Therefore, we make the following definition, which generalizes Mukai and Shafarevich's: Definition 1.1. Let k be a perfect field with algebraic closurek and X, X ′ be two K3 surfaces over k with a correspondence 1 f : X X ′ .
• If char k = 0, we say f is an isogeny if it induces an isometry H 2 et (X ′ k , Q ℓ ) ∼ → H 2 et (Xk, Q ℓ ) for every prime ℓ.
• If char k = p, we say f is an isogeny if it induces an isometry One could easily construct isogenous complex algebraic K3's by prescribing Z-lattices. More precisely, using the surjectivity of the period map, one easily deduces the following: Theorem 1.2. Let X be a complex algebraic K3 surface. Let Λ be a quadratic lattice isomorphic to H 2 (X, Z). Then for each isometric embedding Λ ⊂ H 2 (X, Q), there exists another complex algebraic K3 surface X ′ together with an isogeny f : X X ′ such that f * H 2 (X ′ , Z) = Λ. ) there exists another quasi-polarized K3 surface (X ′ , ξ ′ ) of degree 2d overF p with an isogeny f : X X ′ such that f * ch * (ξ ′ ) = ch * (ξ) for * = cris,ét, f * P 2 cris (X ′ /W (F p )) = Λ p and f * P 2 et (X ′ , Z p ) = Λ p . Proposition 1.5. (rough form) Assume p ∤ d and p ≥ 5. Let t, t ′ ∈ M 2d,Z (p) (F p ) correspond to quasi-polarized K3 surfaces (X t , ξ t ) and (X t ′ , ξ t ′ ) of degree 2d. If the images of t, t ′ in S (SO(L d ), Ω)(F p ) lift to points s, s ′ ∈ S (CSpin(L d ), Ω)(F p ) in the same isogeny class, then there exists an isogeny X t X t ′ such that f * ch * (ξ t ′ ) = ch * (ξ t ) for * = cris,ét.
The precise form is stated in Proposition 5.1. Once we have Proposition 5.1, we could prove Theorem 1.4 by some group-theoretic computation. The condition on p arises when we apply the surjectivity of the period map.
As a key intermediate step in [18] , Kisin proved that in each isogeny class of mod p points of a Shimura variety of Hodge type, there exists a point which lifts to a special point. One could, of course, use this and Theorem 1.5 to furnish a Honda-Tate theorem for K3 surfaces. It turns out that for K3 surfaces of finite height, one could propagate the property of having CM lifting within an isogeny class, so there is no need to pass to isogeny. While preparing for this paper, the author noticed that K. Ito, T. Ito and T. Koshikawa released a new preprint [16] which contains the same result with the condition on p relaxed. Theorem 1.6. Let X/F p be a K3 surface of finite height. Suppose X admits a quasipolarization of degree p ∤ d and p ≥ 5. Then there exists a finite extension V /W (F p ), a lift X V of X to V such that for any V ֒→ C, the complex K3 surface X V × C has commutative Mumford-Tate group. Moreover, the natural map Pic (X V ) → Pic (X) is an isomorphism.
Finally, we remark that isogenies between K3 surfaces (in our sense) can also be given by constructing moduli of twisted sheaves. The moduli theory of twisted sheaves for complex K3's was initiated by S. Mukai and its generalization to positive characteristic has been studied by Lieblich, Maulik, Olsson and Snowden (c.f. [20] , [21] , [22] ). Huybrechts has shown that in fact, over C, every isogeny can be realized by a sequence of such operations [13, Theorem 0.1]. It will be interesting to figure out whether this is true overF p . We also refer the reader to Liedtke's beautiful paper [23] which takes another point of view on isogenies. We remark that it is interesting that supersingular K3 surfaces are all isogenous to each other under either point of view (c.f. Remark 5.3).
Outline/Strategy of the Paper In section 2 and 3, we review the Kuga-Satake construction and the relevant Shimura varieties, mostly following [24] and [25] . In addition, we emphasize that an isogeny between Kuga-Satake abelian varieties should not be a bare isogeny between abelian varieties, but one who repects certain tensors. We call such isogenies "CSpin-isogenies". This is an analogue of André's notion of an isomorphism between Kuga-Satake packages (c.f. [1, Definition 4.5.1, 4.7.1]). We also discuss special endomorphisms of Kuga-Satake abelian varieties, which correspond to line bundles on K3 surfaces. Special endomorphisms are preserved by CSpin-isogenies.
In Sections 4, we prove a lifting lemma, which we use in Section 5 to prove the theorems of the paper. The main idea is that a K3 surface of finite height deforms like an elliptic curve: Such a K3 surface is also naturally associated with an one-dimensional formal group of finite height, namely its formal Brauer group Br X . There is a natural map of deformation functors Def X → Def Br X . Although this map is not an isomorphism, Nygaard and Ogus constructed a natural section to this map. We make use of this section to show that away from the supersingular locus, CSpin isogenies always lift to characteristic zero. This treats the finite height case for Proposition 1.5. We treat the supersingular case separately.
Notations In this paper, S denotes the Deligne torus, Z the profinite completion of Z, Z p the prime-to-p part of Z. We write A f for finite adeles and A p f its prime-to-p part. If G is an algebraic group over Q and K ⊂ G(A f ) is a compact open subgroup, we write K p ⊂ G(Q p ) for its p-component and K p ⊂ G(A p f ) for its prime-to-p component. We write W for W (F p ) and K for its fraction field. The lift of Frobenius on W is denoted by σ. If H ⊂ G are groups, we denote the centralizer of H in G by C G (H). For any p-divisible group G , we let D(G ) denote its contravariant Dieudonné module and G * its Serre dual. For a ring R and a finite free R-module M , we denote by M ⊗ the direct sum of the R-modules obtained from M by taking duals, tensor products, symmetric and exterior powers.
Hodge Theoretic Preparations
Hodge Structures of K3 Surfaces We collect some definitions and facts about Hodge structures of K3 surfaces. Let X be a complex projective K3 surface. Recall that by Lefschetz (1,1)-theorem we have that Pic (X) ∼ = H 2 (X, Z) ∩ H 1,1 (X). The transcendental lattice of X, denoted by T (X), is Pic (X) ⊥ ⊂ H 2 (X, Z). In the following theorem, (a) and (b) are due to Zarhin [43] . Part (c) is due to Borcea [7] . In fact, these results can be phrased purely in terms of Hodge structures of K3 type (c.f. [14, Chapter 3] ). We denote by MT(−) the Mumford-Tate group associated to a Hodge structure. 
b. MT(T (X) Q ) is commutative if and only if
c. When E is a CM field, there exists a Hodge isometry η such that E = Q(η).
Remark 2.2. X is said to have CM if MT(T (X) Q ) is commutative. Some authors will say that X has CM if E is a CM field. We emphasize that E being a CM field is not enough to ensure that MT(T (X) Q ) is commutative. Here is an example: Take two elliptic curves E 1 and E 2 . Suppose E 1 has CM but E 2 does not. Apply the Kummer construction to the abelian surface E 1 × E 2 . We obtain a K3 surface X with dim T (X) Q = 4 but E := End Hdg (T (X) Q ) is a CM field of dimension 2. The real points of the Hodge group Hdg(T (X) Q ) form a unitary group of signature (1+, 1−) and hence MT(T (X) Q ) cannot be commutative.
Lemma 2.3. Let X be a K3 surface over C, α : C → C be an automorphism of C and X α → X be the pullback of α. Then X has CM if and only if its pull back X α does.
Proof. Suppose X has CM. By Theorem 2.1, one could choose a Hodge isometry which generates End(T (X) Q ). By Buskin's result, Hodge isometries are algebraic, and hence absolutely Hodge. Then we know that
A Review of Clifford Algebra Let L be a self-dual lattice over a commutative ring R.
Let q denote the quadratic form on L. Assume that 2 is invertible in R. We could form the Clifford algebra
Cl(L) has a natural Z/2Z-grading and we denote by Cl + (L) (resp. Cl − (L)) the even (resp. odd) part. We define the group CSpin(L) by
We could give CSpin(L) the structure of an algebraic group over R by defining CSpin(L)(R ′ ) = CSpin(L R ′ ) for any R-algebra R ′ . There is a norm map Nm : CSpin(L) → G m given by v → v * · v, where v * is the natural anti-involution of v. By letting CSpin(L) act on L by conjugation, we get the adjoint representation of CSpin(L), which fits into an exact sequence (of algebraic groups) The Kuga-Satake Construction We assume that (L, q) has signature (n+, 2−) and take R = Q. The Kuga-Satake construction associates a Hodge structure h on H of type {(1, 0), (0, 1)} to each Hodge structure h on L of type {(−1, 1), (0, 0), (1, −1)} which respects q. It could be packed in the following diagram Figure 1 : Kuga-Satake construction for a Hodge structure of K3 type
For each h, there is a unique lift h such that Nm • h gives the norm map S → G m,R . The composition sp • h gives the desired Hodge structure of weight 1 on H. In fact, the induced Hodge structure on H has a simple description by that on L:
Here we are viewing L as a subspace of EndH via left multiplication, so it makes sense to talk about ker F 1 L C . The following simple observation makes the Kuga-Satake construction naturally suitable for studying complex multiplication:
Proof. We have the following exact sequence
Lemma 2.8. Every isometry g ∈ SO(L)(Q) preserving the Hodge structure h lifts to g ∈ CSpin(L)(Q) preserving h. In other words, the natural map
is surjective.
Proof. Let g ∈ CSpin(L)(Q) be any lift of g ∈ SO(L)(Q). In fact, since the kernel of ad lies in the center, one lift works if and only if any other one does. Let ω be any generator of F 1 L C . Since g preserves the Hodge structure on L and F 1 L C is one-dimensional, we have
3 Kuga-Satake via Integral Canonical Models
Let Λ = U ⊕2 ⊕ E 8 2 be the K3 lattice. As is customary in the study of K3 surfaces, we equip the second cohomology of K3 surfaces with the negative Poincaré pairing. Fix a prime p > 2 and d ∈ Z >0 which is prime to p. Let e, f be a basis of the first copy of the hyperbolic plane U such that e, e = f, f = 0, e, f = 1 and set L d = e − df ⊥ . L d is an integral lattice of discriminant 2d and is abstractly isomorphic to P 2 (X C , Z) for any quasi-polarized K3 surface (X C , ξ C ) of degree 2d over C. Set G = CSpin(L d,Q ) and G ad = SO(L d,Q ) to be the associated algebraic groups over Q. In this paper, we always assume that p ∤ 2d so that L Z (p) is self-dual and G and G ad admit natural extensions to Z (p) , which we denote by the same symbols. Set
Moduli stack of K3's
A K3 surface over a scheme S is a proper and smooth algebraic space f : X → S whose geometric fibers are K3 surfaces. A polarization (resp. quasi-polarization) of a K3 surface X → S is a section ξ ∈ Pic (X/S)(S) whose fiber at each geometric fiber is an ample (resp. big and nef). A section ξ is called primitive if for all geometric points s → S, ξ(s) is primitive, i.e. ξ(s) is not a non-trivial multiple of another line bundle. deg ξ is set to be the self-intersection number of ξ.
Let M 2d (resp. M • 2d ) be the moduli problem over Z[1/2] which sends each Z[1/2]-scheme S to the groupoid of tuples (f : X → S, ξ), where f : X → S is a K3 surface and ξ is a primitive quasi-polarization (resp. polarization) of X with deg(ξ) = 2d. M • 2d and M 2d are DeligneMumford stacks of finite type over Z, M • 2d is separated, and the natural map
is an open immersion (c.f. [35] , [27] , [24] ).
Let (f :
, we denote by (X T , ξ T ) the pullback of (X , ξ). We have the relative second relativé etale cohomology H 2 ℓ of X . Set P 2 ℓ to be the orthogonal complement of the ℓ-adic Chern class ch ℓ (ξ) ⊥ of ξ. Similarly we could define relative de Rham cohomology H 2 dR , which comes with a natural filtration Fil
• , and its primitive part P 2 dR . For each scheme T → M 2d,Fp , we could additionally consider the crystal P 2 cris,T which is a vector bundle over (T /Z p ) cris . Let M 2d → M 2d be theétale 2-cover corresponding to the choice of an isometry of sheaves
2 ). We call it the orientation cover. In order the construct the period map, we will need to consider moduli of K3 surfaces with level structures. We put together the relative ℓ-adic cohomology sheaves H 2 ℓ to form H 2 Z p := ℓ =p H 2 ℓ and similarly we put together Chern classes to form ch
It comes equipped with a natural action by the constant sheaf of groups K ′ , for each admissible
Shimura Varieties
Let Ω be the space of oriented negative definite planes in
. Then (G, Ω) and (G ad , Ω) are Shimura data with reflex field Q and the adjoint map
is a finiteétale Galois cover with Galois group 2
One may choose a non-degenerate, alternating pairing ψ on H = Cl(L d ) such that the representation sp : G → GL(H) factors through GSp(H, ψ). By an explicit computation in [27] , ψ can be chosen such that H Z (p) is self-dual. Let H be the union of Siegel half-spaces attached to (H, ψ). Then we have an embedding of Shimura data (G, Ω) → (GSp, H) (c.f. [25, 3.5] ). For each compact open K ⊂ K ψ , we obtain a map of Shimura varieties over Q
Using the same argument as in [25, 3.4, 3 .10], we see that when K ⊂ K, the spin (resp. adjoint) representation of G gives rise to a variational Z-Hodge structure (H B , Fil
can be identified with the image
. Similarly, the canonical representation of G ad gives rise to a variational Z-Hodge structure on Sh K ad (G ad , Ω) C , which we also denote by (L B , Fil
• L dR,C ), as it can be viewed as the descent of the one on Sh
In particular, this implies that A carries a Z/2Z-grading and a left Cl(L d )-action.
Integral Models From now on we fix
By [17, Main Theorem] , there exist canonical integral models S Kp (G, Ω) and
. By the extension property of canonical integral models, the map Sh Kp 
We first work with finite levels when K p is sufficiently small. The idea of the construction is simple: Let K ψ,p be the stabilizer of H Zp so that
is an embedding. Using the modular interpretation of Sh K ψ (GSp, H) one could extend it to Z (p) . The integral model S K (G, Ω) is constructed simply by taking the normalization of the closure of its generic fiber inside S K ψ (GSp, H). The main point of [17] is to prove that this normalization is smooth and has the desired extension property. The integral model S K ad (G ad , Ω) is constructed out of S K (G, Ω). By taking limits, one obtain the canonical models S Kp (G, Ω) and S K ad p (G ad , Ω). Canonical models at finite levels can be recovered by taking quotients.
Let h : A → S K (G, Ω) be the pullback of the universal abelian scheme over
to be the first relative de Rham cohomology. Clearly the previously discussed H dR,C is its fiber over C. Using the de Rham isomorphism, we could obtain a parallel section π dR,C of Fil 0 H ⊗(2,2) dR,C . We could further extend π dR,C to a (necessarily unique) section π dR defined over Z (p) .
Next we introduce theétale realizations of π. Let H ℓ = R 1 hé t * Z ℓ if ℓ = p and H p = R 1 h η,ét * Z p , where h η denotes the generic fiber of h. The section π B first gives rise to a section π ℓ of H ℓ ⊗Q ℓ over C, which descends to Q and for ℓ = p extends to Z (p) .
Finally we need to introduce the crystalline realization of π, which is the most important one for our proof. Let H cris be the first crystalline cohomology of A over S K (G, Ω) Fp . By the de Rham-crystalline comparison isomorphism we have an identification
Zp along the special fiber. H dR comes equipped with a connection ∇, which determines the F -crystal H cris . In particular
π dR is horizontal with respect to ∇, so we obtain a global section π cris of the crystal H cris . Let k ⊂F p be a subfield, and s ∈ S K (G, Ω)(k) be a point. 
B cris the tensor π p, s is carried to π cris,s . Moreover, π cris,s is Frobenius invariant.
We denote the dual to the image of H [25, 5.24] , [24, 4.1] ). We denote these sheaves by the same letters.
Isogeny Classes
Definition 3.2. Let k be a perfect field and s, s ′ ∈ S K (G, Ω)(k). Let f : A s → A s ′ be a quasi-isogeny which respects the Z/2Z-grading and Cl(L d )-action on A s , A s ′ . Fix an algebraic closure k ⊂k.
• If char k = 0, we say f is a CSpin-isogeny if it sends π ℓ,s⊗k to π ℓ,s ′ ⊗k for every prime ℓ.
•
Clearly, if k = C, it suffices to check whether f sends π B,s to π B,s ′ . Now set k =F p and let s ∈ S Kp (G, Ω)(F p ). [18] tells us how to give a group-theoretic description of the isogeny class of s, i.e.
and σ −1 (ν) gives the filtration on H 1 dR (A s ). Now define 
The Integral Period Map
Let K ⊂ K be an admissible compact open subgroup with K p = G(Z p ). We start with a period map over
) which simply sends a K3 surface to its Hodge structure (up to twist). It was first proved by Rizov in [36] using CM points that ρ K ad ,C descends to Q, so that we obtain
We refer the reader the [24] for another proof. The extension property of the canonical integral model allows us to extend the map further to
A major component of Madapusi Pera's paper [24] is to show that ρ K ad ,Z (p) still records the cohomological data of K3 surfaces, just like ρ K ad ,C . This is done by comparing sheaves on M 2d,K ad ,Z (p) with those on S K ad (G ad , Ω) through ρ K ad ,Z (p) . As in loc. cit., we denote the pullback of sheaves with respect to natural Grothendieck topologies on S K ad (G ad , Ω) to M 2d,K ad ,Z (p) by the same letters. By construction, we have isometries α B :
We summarize some properties which we shall need in the following proposition:
C extends to an isometry of filtered vector bundles with flat connection
Proof. Combine the results in [24, Section 5].
Special Endomorphisms
Definition 3.6. Let k be a perfect field, s ∈ S K (G, Ω)(k) and f ∈ End(A s ). Fix some algebraic closure k ⊂k.
• If char k = 0, we say f is a special endomorphism if its ℓ-adic realization lies in L ℓ,s⊗k ⊗Q ℓ ⊂ EndH ℓ,s⊗k ⊗Q ℓ for every prime ℓ.
• If char k = p, we say f is a special endomorphism if its ℓ-adic realization lies in L ℓ,s⊗k ⊗Q ℓ ⊂ EndH ℓ,s⊗k ⊗Q ℓ and its crystalline realization lies in
In either case, the special endomorphisms form a subspace
Therefore, L(A s ) has the structure of a quadratic lattice given by f → f • f . The following proposition in [24] gives a correspondence between line bundles on K3 surfaces and special endomorphisms of their Kuga-Satake abelian varieties, generalizing the natural correspondence over C given by Hodge theory.
t). Then there is an isomorphism of quadratic lattices over
whose ℓ-adic and crystalline realizations agree with the natural identifications L ℓ,s = L ℓ,t and L cris,s = L cris,t .
Proof. This is a coarser form of [24, Theorem 5.17(4)], except that we allow quasi-polarized K3 surfaces in addition. It is ok because to establish the isomorphism of Q-lattices it suffices to have the inclusion L(A s ) ֒→ ξ t ⊥ ⊂ Pic (X t ), as we know a fortiori by the Tate conjecture they have the same rank. To construct this inclusion one only need to use the fact that the deformation space of a special endomorphism is flat over Z p (c.f. [ 
25, Proposition 5.21]).
Let V be an extension of W . Denote the fraction field of V by K ′ and fix an isomorphism K ′ ∼ = C. Let X V over V be a lift of a K3 surface X overF p such that X V ⊗C has CM. One can infer from [15, Theorem 1.1] that if X has finite height, then the specialization map Pic (X V ⊗C) Q → Pic (X) Q is an isomorphism 4 . In view of Proposition 3.7, there should be a corresponding statement for special endomorphisms:
Proof. This can be seen as a reinterpretation of [15, Theorem 1.1]. To explain the idea, we first assume that there exists
is the image of s V . Set t = t V ⊗F p . Since A s V ⊗C has CM, so does X t V ⊗C (c.f. Lemma 2.7). Then we could conclude by Proposition 3.7. Now we sketch how to interpret the computation in [15, Section 4] without appealing to K3 surfaces.
Step 1: Recall that L B,s C carries a Hodge structure of K3 type. Set
By Theorem 2.1 and Lemma 2.7, End Hdg T (L B,s C ) = E for some CM field E such that T (L B,s C ) is one-dimensional over E. Let E 0 be the totally real subfield of E. Zarhin tells us that (c.f. [43] )
Denote this group by G 0 .
Step 2: By extending V if necessary, we could find a number field F with E ⊂ F ⊂ K ′ such that s K ′ arises from a F -valued point s F on Sh K (G, Ω). Let v be the finite place above p given by the inclusion F ⊂ K ′ and let q be the place of E below v. Let F v be the completion of F at v and O Fv be the ring of integers of F v with residue field k(v). Choose an isomorphism 
The descent of s to s k(v) clearly endows L ℓ,s with an action by the geometric Frobenius Fr ∈ Gal(F p /k(v)).
Step 3:
The theory of canonical models tells us that the induced action of Gal(
. Moreover, we obtain the following commutative diagram
where art F denotes the Artin reciprocity map, F ab the maximal abelian extension of F and c the complex conjugation on E ⊂ C (c. Step 4:
The diagram allows us to analyze the characteristic polynomial f σ of σ | F ab acting on T (L B,s C )⊗Q ℓ for ℓ = p. More precisely, let π v be a uniformizer of F v and x ∈ A × F be the element with π v at v and 1 at other places, then x be a lift of σ. Let z be the image of x under the composition
In these references, the above diagram is stated in terms of K3 surfaces. However, Rizov's theorem [36, Corollary 3.9.2] is a formal consequence of the rationality of the period map ρ K,C . The diagram itself comes from the canonical model Sh
The commutativity of the diagram tells us that there exists η ∈ G 0 (Q) such that ρ( σ | F ad ) = zη. Then we have that
where f η is the minimal polynomial of η ∈ G 0 (Q) ⊂ E × .
Step 5: Consider the composition of maps
where the first map is given by specialization. f σ can be alternatively viewed as the characteristic polynomial of Fr acting on (Im 
Formal Groups and Cohomology
In this section, we review Nygaard-Ogus theory and prove an important lifting lemma which we shall use in Section 5.
Formal Groups
Lubin-Tate Theory We first review the basic definition in Lubin-Tate theory:
Definition 4.1. Let A, R be commutative rings and i : A → R be a morphism. A formal Amodule over R is a commutative formal group law
together with a ring homomorphism γ : A → End R (F ) such that the induced map A → End R (LieF ) ∼ = R is equal to i.
The purpose of recalling this notion is to prove the following lemma:
Lemma 4.2. Let G be a one dimensional formal group of height h overF p and α : G → G be an isogeny. There exists a finite extension V /W and a lift G V of G to V such that α lifts to an isogeny α V : Hence we may obtain a lift G V of O M -module G to O ur M simply by setting t 1 = · · · = t h/e−1 = 0. Clearly G V carries an action of α and its special fiber isomorphic to G by construction.
Formal Brauer Groups
of p-torsion is taken by the formal Brauer group. Let X be a K3 surface over an algebraically closed field k with char k = p.
Let Art R,k be the category of Artinian local R-algebra with residue field k. Let X R be a proper smooth lifting of X, where (R, m) ∈ Art R,k . Define a functor Ψ X R : Art R,k → Ab by
Proof. This is a corollary to [2, IV Proposition 1.8]. See also [33, Proposition 3.2] . For the definition of the formal Brauer group Br X R , we refer the reader to [2, I 1.4] (take q = 2).
Recall that Tate established an equivalence between the category of divisible connected formal Lie groups and that of connected p-divisible groups over a complete Noetherian local ring with residue field of characteristic p (c.f. [39, Proposition 1]). We will freely make use of this equivalence of categories. As a formal group, Br X has dimension 1. 
Nygaard-Ogus' description of H
and showed that there is a natural identification
The construction of K( Br X ) explains the slope filtration on H 2 cris (X/W ):
Constructing Liftings
Suppose G V is a lifting of Br X to a totally ramified extension
) ⊥ with respect to the bilinear pairing.
The following result of Nygaard-Ogus allows us to choose a lift a K3 surface by choosing one for its formal Brauer group. Proposition 4.4. For each G V lifting Br X as above, there exists a K3 surface X V over V lifting X such that
Proof. This is [33, Proposition 5.5] , except that we do not tensor withK ′ and let the crystallineWeil group act on both sides. The requirement that , so the lift of a big and nef divisor on X to X K ′ is also big and nef.
The results in this section combine to give the following lemma, which we shall use in Section 5.
Lemma 4.6. Let (X, ξ) and (X ′ , ξ ′ ) be two quasi-polarized K3 surfaces of degree 2d overF p . For any isometry of F -isocrystals
we could find a finite extension V /W with fraction field K ′ and lifts (X V , ξ V ) and
are isomorphisms, and φ⊗K ′ respects the Hodge filrations induced by (X V , ξ V ) and (X ′ V , ξ ′ V ) on P 2 cris (X/W )⊗K ′ and P 2 cris (X ′ /W )⊗K ′ via the crystalline-de Rham comparison isomorphism. When (X, ξ) = (X ′ , ξ ′ ), we may take
Proof. p m φ restricts to a map P 2 cris (X/W ) → P 2 cris (X ′ /W ) for some m. Since φ respects the Frobenius action, p m φ sends D( Br X )(−1) into D( Br X ′ )(−1) and induces a nonzero map Br X ′ → Br X . Therefore, Br X ′ and Br X must have the same height, and hence they are abstractly isomorphic. By lemma 4.2, we could find a finite extension V /W and lifts G V and G ′ V of Br X and Br X ′ such that Br 
Proofs of Theorems
Convention Let R be a ring. For simplicity, we denote the image of a point t ∈ M 2d,K ad
by the same letter.
Proof of Proposition 1.5
Proposition 1.5 is a direct consequence of the following more precise statement: 
Proof. We treat the supersingular case and the finite height case separately. Supersingular case: The map ψ, as a CSpin-isogeny, clearly preserves special endomorphisms, so it induces an isometry L(
We may extend it to an isometry Pic (X t ′ ) Q ∼ → Pic (X t ) Q by sending ξ t ′ to ξ t and clearly it is given by a correspondence φ : X t X t ′ . On the other hand, ξ t ⊥ and ξ t ′ ⊥ span all of
is completely determined and has to agree the map induced by ψ. The argument for crystalline cohomology is the same. 
preserves the Hodge filtration induced by X t V , X t ′ V . Again, via the period map, we interpret 
for some m. The reader may easily check that ψ V ⊗C is a CSpin-isogeny. In particular, it induces by conjugation a Hodge isometry
Extend the above map to full Hodge structures by sending the class of ξ t ′ to that of ξ t . Buskin's result tells us that this Hodge isometry is given by an isogeny X t V ⊗C X t ′ V ⊗C . Now we could complete the proof by specializing this correspondence to φ : X t Proof. Let g ad p ∈ G ad (K) be any representative of an element of X ad p and let g p ∈ G(K) be any lift of g ad p . We want to show that
be the centralizer of a maximal split torus and let Ω G (resp. Ω G ′ ) be the associated Weyl group. We could arrange that T = T ′ × G ′ Zp G Zp and ν ∈ X * (T ). The Cartan decomposition gives us an isomorphism
and an analogous one for
and by the smoothness of the kernel G m , a Z ℓ -valued point of G ad lifts to G. , if (D, ϕ, −, − ) = H 2 cris (X/W (k)) for some K3 surface X over k, then Fil By the surjectivity of the period map over C, t ′ C comes from a complex quasi-polarized K3 surface (X t ′ C , ξ t ′ C ). 6 By Theorem 2.1, E := End Hdg T (X t ′ C ) Q is a CM field generated by some Hodge isometry η ′ as a Q-algebra, and we have End E T (X t ′ C ) Q = 1. We extend η ′ to η ′ ∈ End Hdg (P 2 (X t ′ C , Q)) by letting it act trivially on Hodge classes. By lemma 2.8, there exists a CSpin-isogeny ψ ′ C : A s ′ C → A s ′ C which induces the η ′ via the identifications
Now specialize ψ ′ C to a quasi-isogeny ψ η ′ : A s ′ → A s ′ . Let ψ : A s → A s ′ be a CSpin-isogeny connecting s and s ′ . Set ψ η := ψ −1 • ψ η ′ • ψ. ψ η induces an isometry of F-isocrystals η cris : P 2 cris (X t /W )⊗K → P 2 cris (X t /W )⊗K. By Lemma 4.6, we can find a lift (X t V , ξ t V ) for some finite extension V /W with fraction field K ′ such that the induced filtration on P 2 cris (X t /W )⊗K ′ is respected by η cris ⊗K ′ . Let t V be a point on M 2d,K ad p ,Z (p) corresponding to the pair (X t V , ξ t V ). We will show that X t V ⊗ V C has CM for any V ֒→ C.
Let s V ∈ S Kp (G, Ω)(V ) be a lift of t V such that s = s V ⊗F p . As in the proof of Theorem 1.5, ψ η respects the Hodge filtration induced on H 1 cris (A s /W )⊗K ′ by A s V . By [6, Theorem 3.15] again, up to a multiple, we may lift ψ η to an isogeny ψ η,V : A s V → A s V . For any embedding V ֒→ C, the CSpin-isogeny ψ η,V ⊗C : A s V ⊗C → A s V ⊗C induces a Hodge isometry η : P 2 (X t V ⊗C , Q) → P 2 (X t V ⊗C , Q). One may easily check from the construction that η⊗Q ℓ is sent precisely to η ′ ⊗Q ℓ via the isomorphisms
Therefore, we have an isomorphism of Q-algebras Q( η) ∼ = Q( η ′ ). Moreover, we have a commutative diagram
conj. by ψ All arrows in the diagram are isomorphisms of quadratic lattices: the top horizontal arrow is an isomorphism because the construction in Lemma 4.6 lifts the entire Picard group, the vertical arrows are isomorphisms given by Proposition 3.7, and the specialization map L(A s ′ C ) → L(A s ′ ) is an isomorphism by Proposition 3.8. The diagram gives us an isometry
which is clearly compatible with (5.10). Therefore, (5.10) restricts to an isometry
Let η be the restriction of η to T (X t V ⊗C , Q). Then the above isomorphism tells us that Q( η) ∼ = Q( η ′ ) restricts to Q(η) ∼ = Q(η ′ ). Hence dim Q(η) End Hdg T (X t C ) Q = 1. By Theorem 2.1, X t V ⊗C has CM. 6 It is not strictly necessary to know that t ′ C comes from a K3 surface here. We could alternatively argue purely in terms of polarizable Hodge structures of K3 type.
